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Binary outcome variables and logistic regression

models

Xinhua LIU

Biomedical researchers often study binary vari-
ables that indicate whether or not a specific event,
such as remission of depression symptoms, occurs
during the study period. The indicator variable Y
takes two values, usually coded as one if the event
(remission) is present and zero if the event is not
present ( non-remission) . Let p be the probability
that the event occurs (Y =1), then 1-p will be the
probability that the event does not occur (Y =0).
The odds that an event will occur is a quantity de-
fined as the ratio of the probabilities for the pres-
ence versus the absence of the event, that is, odds
=p/(1-p). Unlike probability p which ranges be-
tween zero and one, the odds take non-negative
values with values above one indicating the degree
to which the target event is likely to be present and
values below one indicating the degree to which
the target event is likely to be absent. To compare
the odds in two groups, one may use the odds rati-
0, OR =odds, / odds,, where odds, =p,/(1-p,) and
odds, =p,/ (1-p,) with p, and p, representing the
probabilities that the target event is present in group
1 and group 2, respectively. When OR =1 the odds
of the event occurring in the two groups are equal;
OR > 1 indicates that the event is more likely to oc-
cur in group 1 than in group 2, while OR <1 indi-
cates the event is more likely to occur in group 2
than in group 1.

In studies with binary outcome variables, to
compare the occurrence of the outcome of interest
in two groups investigators collect data to estimate
the odds ratio and test the null hypothesis of H,:
OR =1. Based on the estimates of p, and p, ( pro-
portions or rates of occurrence of the event of inter-
est in the two groups) , the odds ratio can be com-
puted as a ratio of two estimated odds. As an exam-
ple, consider a clinical trial of the efficacy of a new
treatment for major depression with remission of
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depressive symptoms as the primary outcome. If the
remission rate is 60% in the new treatment group
and 42% in the standard treatment group, then the
odds of remission is 1.5 (0.60/0.40) with the new
treatment and 0.7241 (0.42/0.58) with the stand-
ard treatment. The odds ratio is therefore estimated
as 2. 0715 (1.5/0.7241) . Based on the remission
rate and the sample size in each group, a 95% con-
fidence interval of the odds ratio can be construc-
ted and a test statistic can be calculated for testing
significance.

Logistic regression models are often used to
predict the odds that a particular event will occur.
The models assume that the odds of occurrence de-
pend on a weighted sum of predictors, where the
unknown weights or coefficients are the model pa-
rameters. The simplest logistic model has only one
predictor X, with the form

logit(p) =log (odds) =a + BX.

The odds of event occurrence are functions of pre-
dictor X with coefficients a and B. The model pa-
rameters can be interpreted as the intercept ( that
is, @) and the slope associated with X (that is, B) .
When the predictor variable X is dichotomous
(i.e., it onlytakes values of zero and one), then «
is log( odds) for the group with X =0, and a +  is
log(odds) for the group with X =1. Note that since
y =log(z) is the natural logarithmic function of z,
the inverse function is z = exp (y). Consequently
exp(B) is the odds ratio comparing the odds of
event occurrence between the two groups (X =1
vs. X =0) . In contrast, when the predictor variable
X is continuous, then

exp(B) =loglodds(X +1) /odds(X) |

is the odds ratio for one unit increase in X. The pa-
rameter (3 deserves special attention, as it indicates
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the association between predictor X and the out-
come. Specifically, B =0 yields constant odds, indi-
cating independence between event occurrence
and the predictor X. The odds of event occurrence
will increase with increasing X if B >0, while the
odds of event occurrence will decrease with in-
creasing X when B <0.

The multiple logistic regression models may
include more predictors, X,, ..., X,,(m >1), which
can be written as

logit(p) =log (odds) =B, +B,X, + ... + B, X,

When none of the predictors is a function of other
predictors (that is, the included variables are inde-
pendent of each other), the predictors in the model
are additive and the model is considered an addi-
tive model. The coefficient of each predictor (i.e.,
B, B,, ---B.) is interpreted as the log( OR) for a u-
nit change in the predictor while keeping the other
predictors constant. As an example, consider a stud-
y of a new treatment for major depression. Suppose
that the primary outcome is the remission of de-
pressive symptoms in the six months after the treat-
ment. Let X, be a group indicator with zero for
standard treatment and one for a new treatment;
and let X, be the baseline score of depressive symp-
toms. The logistic model with two main predictors
has the form,

logit(p) =log (odds) =B, +B,X, + B, X,.

The quantity exp( B,) will be the odds ratio compa-
ring the odds of remission of depressive symptoms
among subjects receiving the new treatment with
that of subjects receiving the standard treatment for
those subjects who have the same baseline score of
depressive symptoms. Similarly, exp ( B,) is the
odds ratio comparing the odds of remission of de-
pressive symptoms between those who received the
same treatment but differed by one unit score on
the baseline scale for depressive symptoms.

When a predictor is created as a function of
original predictor(s) or is closely correlated to an-
other predictor in the model, caution has to be
made when interpreting model parameters because
the interaction of these variables changes the inter-
pretation of the odds ratios. As an example, let X, =
X, X,, which is the term for the X, by X, interaction.
Then the logistic model with three predictors be-
comes

logit(p) =log (odds) =B, + B, X, +B, X, +
BiXs =By + B, X, + B X, + B3 X, X,.

Models like this that include interaction terms
are called interactive models. In the above exam-
ple, consider a patient with baseline score m for

depressive symptoms, that is, X, = m. The treatment
effect for this patient is given by the odds ratio
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comparing the odds of remission of depressive
symptoms with the new treatment compared to that
with standard treatment, which turns out to be exp
(B, +m B,) according to the interactive model giv-
en above. To see this, we substitute X, =m into the
model, resulting in two terms related to treatment
effects: B, X, and B, X, m; combining the two terms,
we have the overall treatment effect term given by
(B, + m B;) X,. Thus the treatment effect for this
patient on the odds ratio scale is exp(B, +m B;) .

Now consider another patient whose baseline
score is one unit higher than the mean, i.e., X, =m
+1. The treatment effect for this patient is given by
exp(B; +(m +1) B,) . Therefore, under the interac-
tive model, these two patients do not have the same
treatment effect. How different are the treatment
effects between these two patients? The ratio be-
tween the treatment for the second patient, exp( B,
+(m+1) B;), and the treatment effect for the first
patient, exp( B, + mB;), is exp(B;), which shows
that B, is the interaction between treatment and
baseline score for depressive symptoms. More spe-
cifically, for every unit increase in baseline score,
the treatment effect changes by a factor of exp

(Bs).

The additive model with two main effects pre-
dictors is a special case of the interactive model
with B, =0, which indicates that the association of
the baseline depressive symptoms with the outcome
does not differ between standard and new treat-
ment groups. Therefore, testing the null hypothesis
H,: B, =0 versus the alternative hypothesis H,: B,
#0 will determine whether or not the interaction
term needs to be included in the model. ( Editor’s
note: Further discussions of interactive models will
be given in a future column in this series.)

In prospective studies logistic models may also
help predict the probability of event occurrence for
given values of the predictors, because p=1-{1/[1
+exp(m) 1} with =B, +B, X, + ... + B, X,, can be
calculated using the estimated parameters of B, B,
---B,, from the study data. For example, using the
previous additive model with two predictors of re-
mission from depression after treatment where mod-
el parameters B, B, and B, have values of -0.143,
0.716 and -0.025, respectively, a patient with a
baseline depressive symptom score of 10 who was
receiving the new treatment would have a predic-
ted probability of remission of 0.580 ( =1 - {1/[1
+exp( —0.143 +0.716 - 0. 025x10)]}) while a
patient with a baseline score of 10 receiving stand-
ard treatment would have a predicted probability of
remission of 0.403 ( =1 -{1/[1 + (exp( —0.143 -
0.025x10)1}).

The major statistical software packages such as
SAS, SPSS, STATA, R, S+ all include procedures to
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implement logistic regression analyses that fit mod-
els to the data collected. In addition to describing
the specified model, the output usually includes es-
timated model parameters, 95% confidence inter-
vals, p-values for testing hypotheses on the model
parameters of interest, goodness of fit measures and
other important information.
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